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Matrices: Intro

A matrix (plural: matrices) is a two-dimensional rectangular data structure. Examples:

1123
|4 5 6

Notation: Just as for other data container we've seen (sets and sequences,) matrices will be named using capital letters,
such as A ($A%), B, or M. Many textbooks also use boldfaced letters, such as A ($\textbf{A}$), B, or M. Example:
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Baz] ($A = \begin{bmatrix} \text{Foo} & \text{Bar} & \text{Baz} \end{bmatrix}$)
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Matrices: Intro

IAT'EX code for matrix examples 1 — 6 on the previous slide:

1. $\begin{bmatrix} 1 & 2 & 3 \\ 4 & 5 & 6 \end{bmatrix}$

2. $\begin{bmatrix} \\ \\ ® \\ & \end{bmatrix}$

3. $\begin{bmatrix} \text{Bla} \end{bmatrix}$

4. $\begin{bmatrix} a & b \\ c &d \\ e & f \\ g & h \\ i & j \end{bmatrix}$

5. $\begin{bmatrix} 65.7 & 62.4 & 73.8 & 76.6 & 75.0 \end{bmatrix}$

6. $\begin{bmatrix} 1 & 9 & 0 & 8 \\ 0 & 1 &8 9 &0 \\ 0&0&1&0\\0&0&0 &1 \end{bmatrix}$

o IT'EX lets us create matrices using a matrix environment, e.g. $\begin{bmatrix} ... \end{bmatrix}s$.
o You must include the \usepackage{amsmath} package in your source code to be able to use this environment.
o Various matrix environments / styles are displayed on the next slide.

e You will use & as separators between matrix elements on the same row, and \\ to create another row of elements.
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Matrices: Intro 4
Visual comparison between matrix styles:
Example # 8 9 10 11 12 13
(1 2 3 =20 3 | Y 1 22 2:3 1527 3 5:3427%:3
Matrix 4 5 6 4 5 6 4 5 6 4 5 6 4 5 6 4 5 6
Br N 7 8 9 7 8 9 7 8 9 7 8 9 7 8 9
Square Vertical Double vertical
Style Type brackets Parentheses Curly braces bars s None
L@E‘X e bmatrix pmatrix Bmatrix vmatrix Vmatrix matrix
Environment Name

In these lecture notes, we'll use bmatrix matrices (due to stylistic reasons: bracket matrices look stable and solid.) The code
for the bmatrix in example #8 is $\begin{bmatrix} 1 & 2 & 3 \\ 4 & 5 & 6 \\ 7 & 8 & 9 \end{bmatrix}$.
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Matrices: Intro

We could implement a matrix in Java as a two-dimensional (2D) array:

int[][] matrix = new int[n][m];
This matrix has n rows and m columns. To populate it with elements, we'll use a nested for loop:
for (int i = 0; i < n; i++)

for (int j = 0; j < m; j++)
matrix[i][j] = 1 + j; // just an example

- TR
Example: 14. If we setn = m = 3 and use the above code, we will getthe matrix: |1 2 3
|2 3 4
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Matrices

Any questions so far?
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Matrix Properties / Features 7
Now that we know what a matrix is, let's see what features matrices have, and get to know some special matrices.

Learning matrix features is important since when we learn about matrix operations in several slides from know, we'll need to
verify whether a matrix has a certain feature before using it in an operation.

1. Matrix size. Each matrix is built from rows and columns of elements:
o Rows are horizontal arrays of elements, and
o Columns are vertical arrays of elements running throughout the matrix.
Let n be equal to the number of rows and m equal to the number of columns in some matrix A.
o The size (also called: dimensions or order) of A is denoted asn X m ($n \times m$).
o The matrix Apxm ($A_{n \times m}$)or A, ,, ($A_{n, m}$)is a matrix with  rows and m columns.
» A is then called an n X m matrix (read as "An n by m matrix").
o Knowing what the size of a matrix is will help us decide whether a certain matrix operation is applicable or not.
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Matrix Properties / Features 8

2. Elements. A matrix element or entry is the content of a matrix cell (the junction of a row and a column).
o A matrix may include elements of various types (meaning, it can be heterogeneous), but usually it will contain
elements of the same type (e.g., Boolean values, integers, or real numbers), and thus be homogeneous.
= The rest of the lecture notes will focus mostly on matrices populated with nhumbers, since many matrix operations
have significance only for numerical data.
o We refer to an element on row ¢ and column j as a;; ($a_{ij}$), aij ($a_{i,33}%), A(3,7) ($A(i,3)%), or Ali, j] (
$AL1,7]9).
= In these lecture notes, we will use the notation a; ;.
= Examples: a3 1, bis 5, and mg s.
o Using the element notation, can also denote matrix A as A = [ai,j].
o Note: Unlike Java, in these lecture notes, we start counting rows from 1 and columns from 1 (not from 0).
= Example: In5.7 = [65.7 62.4 73.8 76.6 75.0],theelement65.7ist;1,nottgy.
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Matrix Properties / Features 9

Examples:
# il 2 3 5 ) 6
Name A E S L T I
P 2 b E i
Z : 1 0 0 0
1 2 & 0O 1 0 O
Matrix e | Bla | e f||[656.7 624 73.8 76.6 75.0]
4 5 6 &) 0O 01 O
g h
| @ R 0 0 0 1.
7 J.
Size 2 X 3 4 x1 1x1 5 X 2 1x5 4 x4
Slat?rflle a1 = es1 =@ |s11=Bla| ls2 =37 t14 = 76.6 134 =

e e Y S Y N S Sy S S N N
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Matrix Properties / Features 10

Generic matrices whose size is unspecified (or given by n X m) can be created using ellipses (. . .). For example:

a1 a2 a13 ... Qim S1,1 812 S13 -.-. Sin

a21 Q@22 Q@23 ... Q2m 82, 1z : {8290 52735 1. Ve 1382

15. A = a371 a'372 a'373 BT a37m orforn X n: 16. S — 8371 8372 8373 3= 837n
| Ap1 Ap2 Ap3 ... QApm_ | Sn,1 Sn,2  Sp,3 Sn,n

$A = \begin{bmatrix} a {1,1} & a {1,2} & a {1,3} & \dots & a {1,m} \\ a {2,1} & a {2,2} & a {2,3} &
\dots & a {2,m} \\ a {3,1} & a {3,2} & a {3,3} & \dots & a {3,m} \\ \vdots & \vdots & \vdots &
\ddots & \vdots \\ a {n,1} & a {n,2} & a {n,3} & \dots & a {n,m} \end{bmatrix}$
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Matrix Properties / Features 11
3. Diagonals. Being a grid of rows and columns, a matrix consists of multiple diagonals, but one diagonal has a special
significance: the main diagonal.
The main diagonal of the matrix A« = [ai,j] is the array of all elements of the form: a; ;, where
1 <4 < min(n,m). Thatis, diag(A4) = [a1,1,a22,033,- - -, Gmin(n,m),min(n,m))- Examples:
o B 10 0 0
1 2 3 Rk Gk 0, <0
Matri Bl . 2.4 : . :
atrix [4 2 6] [Bla| e f [65.7 6 73.8 76.6 75.0] P
g h
; 0 0 0 1]
22 ]
Name Arys Dbl B Lisdok, & x50 & Iixa =14
Main Diag | diag(A) = [1,5] | diag(S) = [Bla] | diag(L) = [a, d] diag(T') = [65.7] diag(l) = [1,1,1,1]
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Matrix Properties / Features

We often want to describe the set of all matrices of a given size and type.

General Notation: M, ., (S) ($\mathcal{M}_{n \times m}(S)$) or M, ,(S) ($\mathcal{M}_{n,m}(S)$) denotes
the set of all n X m matrices whose entries come from the set S. Examples:

M sm (R): all n X m matrices with real entries
o Mywm(Z): all n X m matrices with integer entries
M« (Q): all n X m matrices with rational entries
e Myum(C): all m x m matrices with complex entries

Alternative Notation: S””"", meaning all n X m matrices over the set S.

1es2:7°3
4 5 6

Example: 1. A = [ ] so A € My, 3(P) or A € P?*3,
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Matrix Properties / Features
Fun Class Activity:.

QL e

1. Consider the matrix: 17. M = [m; ;] =

=y SR i L

1. What is the size of M?
2. What is my 3 equal to?
3. List the elements of diag(M).
2. On slide 8, we introduced multiple notations for a matrix element, but said that we will use only a; ;.

1. Explain one problem that one of the other notations, a;;, might impose. [Hint. On what row and column is the
element a132 located?]

2. Provide one easy solution to this problem (other than using the a; ; notation.)
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Matrix Properties / Features

Any questions so far?
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Special Matrices

1. A square matrix has the same number of rows as columns.
o This means that, if n is the number of rows (and columns), then the size of a square matrixis n X n
o We denote a square matrix A as A,,.,,. Morever, since the number of rows and columns is equal, we can
conveniently use the shorthand notation: A,, ($A_n$).

Examples:
3.51 = [Bla] (1 0 0 O] BN (0 1 2]
18. Dy =
6I—0100§N3_4561_4'M3:123
S 0 010 k85 O 2 3 4]
0 0 0 1_
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Special Matrices

2. A singleton matrix matrix consists only of one element.
o This is a square matrix of size 1 x 1
o We denote a singleton matrix A as A;x1 = A; = [a11] = [a] (A_{1 \times 1} = A 1 = [a_{1,1}] = [a]).
= Note that a singleton matrix that contains a number isn't a number: this is a still a matrix. That is, if A = |a] is
singleton, then A ¢ R; instead, a € R and A € M;,1(R) = M;(R).

Examples:

3.81 = [Bla] 19.1; = [1] 20. Z1 = [0] 21.T1 = [90.3] 22. By = [ |
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Special Matrices 17

3. An identity matrix is a square matrix that has 1s on its main diagonal, and Os elsewhere.
o We use the letter I to denote an identity matrix. For example, the identity matrix of size 3 x 3is I = I3.3 = I3.
= For the identity I,, = [é,%|, we have i;; = 1,where 1 < j < m,andi;; = 0,where 1 < j,k < nbutj # k.

Examples:
3.11:[1]23_12:[1 O] B 0] 1 0 0 0] (1 0 0 0 O]
0 1]2413=(0 1 0 6. 0O 1 0 O 0O 1 0 0 O
0 1] 0 01 0| 25.Is={0 0 1 0 O
0@ 500 1 0O 0 0 1 O
0 0 0 0 1]
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Special Matrices

Any questions so far?
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Special Matrices

4. A diagonal matrix is a square matrix that has Os anywhere outside the main diagonal.

o The elements on the diagonal could be anything, including any Os.

o We could use the letter D to denote a diagonal matrix. For example, D = Dyy9 = Ds>.
= For the diagonal matrix D,, = [d; ;], we have d; ; = 0, where 1 < 4,7 < nbuti # j.
= We can also say: D,, = diag(di1,d22,...,dn,), Where [dy1,ds22,...,d,,] are the diagonal elements.

> Note: D,, = diag(di1,d22,...,d,,) is a matrix of size n X n, while diag(D,,) is a one dimensional
array (1 X n) of the elements on the diagonal of D,, .
o Singleton matrices and identity matrices are specific cases of diagonal matrices.

Examples:
§51:[Bla] QElz[&] 3! I _[1 0:| ‘a 0 O] —19 0 0
O I O ST G Tt S 1 S B O 1 S YO |
020 e L0 2 0
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Special Matrices

5. An upper triangular matrix is a square matrix that has Os anywhere below the main diagonal.
o The elements on the diagonal and above it could be anything, including any Os.
o We could use the letter U to denote an upper triangular matrix.
= For the upper triangular matrix U,, = [uw] we have u; ; = 0,where 1 <17,7 <mnandz > j.
o A diagonal matrix is a specific case of an upper triangular matrix.

Examples:
5 _ _ 2195 00, 5 P ded?
22. By =[] 28_U2:[1 2] 0,800 | D R S|
0 1 20.Us = |0 d e 30. Uy = 0 0 9ol0 1
0 0 :
- . 05 g 0 8
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Special Matrices

6. A lower triangular matrix is a square matrix that has Os anywhere above the main diagonal.
o The elements on the diagonal and below it could be anything, including any Os.
o We could use the letter L to denote a lower triangular matrix.
= For the lower triangular matrix L,, = [li,j], we have [; ; = 0, where 1 < 4,7 <nandi < j.
o A diagonal matrix is a specific case of a lower triangular matrix, too.

Examples:

21. Br = [ |

NG 1 0 a 0 O
PReCRTN B PPN L IR o pe e [ RPN Bl —
Ld se- - f

[logh 0
7 1.11
0%ty

0.4 9e2

These notes by Miriam Briskman are licensed under CC BY-NC 4.0 and based on sources.

2100

el T e L

21


https://www.sci.brooklyn.cuny.edu/~briskman/cisc/2210/lecture_notes/topic_10/14.html
https://www.sci.brooklyn.cuny.edu/~briskman/cisc/2210/lecture_notes/topic_10/11.html
https://www.sci.brooklyn.cuny.edu/~briskman/cisc/2210/lecture_notes/topic_10/18.html
https://www.sci.brooklyn.cuny.edu/~briskman/cisc/2210/lecture_notes/topic_10/16.html
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://www.sci.brooklyn.cuny.edu/~briskman/
http://creativecommons.org/licenses/by-nc/4.0/
https://www.sci.brooklyn.cuny.edu/~briskman/cisc/2210/lecture_notes/topic_10/sources.html

Special Matrices 22

7. A sparse matrix is a matrix that has a relatively large number of zero elements: elements whose value is equal to 0 in
it.
o What "relatively large" means would depend on the algorithm. For instance, one algorithm would consider matrices
with 70% or more zero elements as sparse, while another would require 90%. This is called the sparsity threshold.
= In our lecture notes (and HW and exams,) we set the sparsity threshold to 50%.

o The sparsity ratio for a matrix A, is the following number: sparsity(A) = number of zero elements £q A 16 e

considered sparse in our course, the following must be true: sparsity(A) > 0.5. ¥
Examples of sparse matrices:
[—19 0 O] 1 0 0 0] 20.Z;=[0] 34M:{1 0 0] (0 6 ]
27.Qs =1 0 22 O - 0 1 00 | 0 0 5] 35.N=(3 0
O ET G o A [0 05T O 0 10
0 0 0 1._
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Special Matrices 23

8. A dense matrix is a matrix that has a relatively small number of zero elements in it.
o 'Dense' is the opposite of 'sparse’: a sparse matrix is NOT dense, and vice versa.
o The density ratio for a matrix Ay, ., is the following number: density(A4) = 2umber Ofnzl_l;fro clements
= Note that: density(A) = 1 — sparsity(A).
= For A to be considered dense in our course, the following must be true: density(A) > 0.5.
Examples of dense matrices:

d 5T=1[657 624 73.8 76.6 75.0]

14. M3 =

N = O
w N =
= 0 DN

36. B =

GOV Dy = P O | et
== i
D, O e = - O
- O O O
O =D M
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Special Matrices 24

9. Arow vector (also called a row matrix) is a matrix of the size 1 X n.
o 'Vector' is a synonym of 'array’'.
o The numbernina 1 X mn row vector is called the vector size and stands for the number of elements in the vector.
o Every n X m matrix consists of at least one row vector.
o We denote a row vector using a lowercase letter, (usually 'v' for vector) as follows: v ($\vec{v}$) or v (

$\textbf{v}$), usually with a subscript, like U1 ($\vec{v} 1%) to tell what matrix row it corresponds to or just to
keep stack of vectors we are working with.

= Note: In our vector notation, the subscript isn't the vector size: it is just some serial number.

Examples:

y 7.A =7y, = [Foo Bar Baz]| 5T =93 =[65.7 624 73.8 76.6 75.0]
ﬁ.h:’m:[l]
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Special Matrices 25

10. A column vector (also called a column matrix) is a matrix of the size n x 1.
o The number n in an X 1 column vector is the vector size of the column vector.
o Every n X m matrix consists of at least one column vector.
o We use the notation of row vectors to denote column vectors, too: ¥ ($\vec{v}$) or v ($\textbf{v}$), usually with
a subscript, like v1 ($\vec{v} 1%).

Examples:

w

N

@l

|
™ a7 1
< 8
Ltsse = )
w
o
(nd,
\]

|
1
]

w

(o)

ool

|
| PR T |
—
| I, |
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Special Matrices 26

11. An adjacency matrix is a square matrix consisting of Boolean values only: Os and 1s.
o The adjacency matrix plays a great role in implementing various algorithms whose purpose is to answer a "yes" or
"no" question, e.g., "Is there a path between two cities A and B," or "Can | get from country A to country B by
taking 2 or fewer flights?"
o We will get back to the adjacency matrix both at the end of this Topic 10 and in Topic 11: Graphs & Trees.
Examples:

19.I; =[1] 20.Z, =[0] 23_12:[1 0] F1E50" 03] Ity N N T
T 0-dy o2 Fe=.00 A0 01 10 1

0 0 1] 3B=|10100

0101 1

0101 0
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Special Matrices

Fun Class Activity:.

1. What do we call a matrix that is both upper and lower triangular?
2. Which of the special matrices we covered are always sparse (no matter what elements we put in them?)
3. We covered 11 special matrix types. Consider the matrix:

0

40. A =

= OO

1
0
0

R L e N
@, OO

1
0
0 O

Which of these types does A belong to? Specify all that apply (there could be more than one type.)
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Special Matrices

Any questions so far?
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Matrix Operations 29
Now that we got familiar with various matrix traits and with special types of matrices, we can introduce various matrix
operations, which are computations we can perform using matrices.

1. Matrix equality. We compare two matrices to see if they are equal.

Input: Two matrices, A and B.
Output: A Boolean value (true (= 1), or false (= 0)).
Algorithm (= description of the procedure of this matrix operation:)
1. If the size of A isn't equal to the size of B, return false. Otherwise:
2. Check if the respective elements of A and B are equal. That is, given the matrices A,,«,, and B,,«n, (of the same
size), check if a; ; = b; j forevery 1 <1 < nandevery 1 < 3 < m. If, for at least one pair of respective elements

we have a; ; =2 b; ;, then return false. Otherwise (if all respective elements are equal), return true.
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Matrix Operations 30

1. Runtime analysis (= description of how much time it will take to run it on a computer:)
We will compute the runtime based on how many comparisons we perform:

1. In case the matrices aren't of the same size, we will discover this by noticing that, for An1 .m, and Bn2,m2, either
N1 # Mg or my # ms. Meaning, we will do either 1 or 2 comparisons. Since this is a constant number ¢ < 2, we
say that the runtime is O(1) (or, being specific, it is ©(1)) since, as we learned in Topic 8, ¢ = O(1) no matter how
large or small the constant c is.

2. In case the matrices are of the same size, we will compare all their elements. Assuming the matrices have n X m
elements, this will result in nm comparisons. This means that the runtime is O(nm) (or, being specific, it is
©(nm)).

[Note: If we were to implement this algorithm in Java for example, besides doing the actual comparisons, we will of
course also need to increment the row and columns indexes 7 and 7, which also takes time to run in a computer.
However, notice that, per each comparison, we will have 1 or 2 increments, which is a constant (call it c2), and 1 + ¢z is
still a constant, so the increments still preserve the same runtime: (1 + c2)nm = O(nm).]
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Matrix Operations

1. Examples:
P 1 0 0] ‘a 0 0] [a b c] 3[1 00]_[1 00]
1.[01};&010 2210 b 0| #|0 d e 10 0 5/ [0 0 5
0 0 1. 0 0 ¢c] |0 0 f]

Fun Class Activity.
1. Explain why the matrices in examples 1 and 2 above aren't equal, but the ones in example 3 are.
2. Implement the matrix equality algorithm in Java (or any other computer language of your choice.)
3. State whether or not the following matrices are equal, and explain your reasoning:

A:27_15andB:27_15.
3 4 8 -3 3 4 6 -3
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Matrix Operations 32

2. Matrix transpose. We take matrix A,,«., and generate another matrix AL .,, (A*"T_{m \times n}), called A's
transpose, by exchanging rows with columns.

il
a7,

Input: Any matrix A« = |a
Output: The matrix AL ., =

Algorithm:

1. Create an empty matrix container AT = ] of the size m X n (m rows and n columns).

[ JZ
2.Foreveryl < 73<mandeveryl <1 < n, set aj = a; ;. Then, return Al

Runtime analysis:

In the 1st step, creating the matrix double array will take @(nm) operations. In the 2nd step, we will do @(nm) element

assigments. In total, we will have ©(nm) 4+ ©(nm) = cynm + conm = (c1 + co)nm = O(nm) operations.
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Matrix Operations 33

2. Examples:

1. 2. 3. 4.

15 g e T (1 4] T 05T 1 Te@1’ [a b]T:[a O]

[456]:2 01 =10 1O =@ O @] 10 c b c|
3 1 0 | |@®.

S Ot W=
(o Bl ™
o e A )

OO e O

o O

Fun Class Activity:
1. What does example 2 tell you about the transpose of an identity matrix (or diagonal matrices)?

2. What does example 3 tell you about the connection between row vectors and column vectors?
3. What does example 3 tell you about the connection between upper triangular matrices and lower triangular matrices?

2 . (el 5}

4. Compute the transpose of A =
3 4 8 -3
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Matrix Operations

Any questions so far?
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Matrix Operations 35

3. Matrix trace. Given a square matrix A, we find the sum of its diagonal elements, called the trace of the matrix, and
denote it as tr(A) (\text{tr}(A)).

Input: A square matrix A,,.
Output: s = tr(A) = > " ; a;; (usually, s € Zors € R.)
Algorithm:
1. Declare s = 0.
2.Foreveryl <t < mn,sets = s+ a;;. Then, return s.
Runtime analysis:
The index ¢ goes from 1 to n, so there are n additions and assignments (there is also a constant-time assignment s = 0
and increments of 2, but they won't change the runtime). This results in an overall runtime of @(n)
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Matrix Operations

3. Examples:
-1 0
1.tr< 0 1 0 )=1+1+1:3.
0 1 2.tr<

Fun Class Activity:

[ log 5

7
0

0.4

0

1.11

1
2

9e2

0

0
9100

0

o o o S e M )

36

) —log5 4 1.11 + 2190 4 1 ~ 2100,

1. We defined the trace operation on square matrices only. Suggest a trace definition for non-square matrices A,,xm:
o First, describe it shortly using words (still without math symbols).
o Next, use math symbols to explain how the trace is computed.

o Finally, analyze the runtime of your algorithm.
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Matrix Operations

4. Matrix addition. Given two matrices A and B of the same size, we add them element-wise and denote the result as

A+ B.

Input: Two matrices A,,«,, and By, xm.
Output: C = A + B, wherec¢; ; = a;; + b; ;.
Algorithm:
1. Create a matrix C' of size n X m.
2.Foreveryl <3 <mn,1<j<m,setc;; = a;; + b;;. Then, return C.
Runtime analysis: Counting additions and value assignments, we get a constant of nm, so the runtime is ©(nm).
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Matrix Operations

4. Examples:

1. 2.

P i Bl e Pt Bt PR | R A

= o0 Ot b
N © O W
N W S ©
= N Ot OO
o = ey

© N b+ =

Fun Class Activity:
1. Find two different non-zero matrices A and B suchthat A + B = 0.
2. What must be true about A and B?
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Matrix Operations

5. Scalar multiplication. Multiply every element of a matrix by a scalar c.

Input: Matrix A,,+,, and scalar ¢ (usually, ¢ € R.)
Output: B = cA, where b; ; = ¢ - a; ;.

Algorithm:

1. Create space for matrix B, «,.

2.Foreveryl <i<mnandl < j<mn,seth;; = c-a;;. Then, return matrix B.
Runtime analysis: ©(nm).
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Matrix Operations

5. Examples:

aly =2 3 =5 ad=f sy 2ale -

Fun Class Activity:
1. Find a scalar ¢ # 0 and matrix A # 0 such that cA = A.
2. What does this tell you about c?
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Matrix Operations 41

6. Inner product. Given two vectors, compute the sum of pairwise products. We also call an inner product a dot product
and a linear combination.

Input: Vectors u, v € R™ (meaning, each of u and v has n real elements in it.) Usually, u (the leftmost one) is a row
vector, and v (the rightmost one) is a column vector.
Output: s = Y7 ; (u; - v;). The figure s is just a number/scalar.

Algorithm:

1. Sets = 0.

2.Foreach1l <1 < n,sets = s+ u; - v;. Then, return s.
Runtime analysis: ©(n). This is because we do n multiplications and 7 — 1 additions (and n index increments), which
resultsinn + (n—1) +n =3n— 1= O(n).
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Matrix Operations

6. Examples:
(4] 3
2: 12 —1]-[ ]:6—4:2
1.[1 2 3]- 51 =1-44+2-5+3-6 =32 4
0.

Fun Class Activity.
1. Find two non-zero vectors whose inner product is 0.
2. What geometric relationship do they have?
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Matrix Operations

Any questions so far?
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Matrix Operations 44

7. Matrix multiplication. Multiply rows of A with columns of B.

Input: A,,«% and Bjx,,. Note that the number of columns in A must be equal to the number of rows in B; otherwise, the
multiplication can't be done.

Output: Cpxm Where ¢; j = Zle @it - bt ;.

Algorithm:
1. Create space for the matrix C, 5, .
2.Foreach1l <17 <mand1 < 5 < n, compute the inner product of row ¢z and column 5 as follows:

Ci,j = Zle a;it - by ;. Then, return matrix C'.
Runtime analysis: For every value of ¢ and 7, we perform an inner product computation, which runs from 1 to k, hence
takes @(k) We do this inner product nm times (remember the Multiplication Principle from the topic on Counting?
That's the same idea!), so the runtime is © (k) - ©(nm) = ©(knm). Fun fact: for square A,, and B,,, itis ©(n?).
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Matrix Operations

7. Example (we will do this example in detail on the next slides:)

1.2 1, 72°%4°8

$yipn 3 41 (1 0 2 2 3 4 18 _C
5 6(10 1 3 5 6 28
7208 |7 8 38

Fun Class Activity.
1. Find matrices A and B such that AB # BA.
2. Why does this happen?
3. What type of matrix do we get when multiplying:
1. Two identity matrices?
2. Two diagonal matrices?
3. Two upper triangular (or tow lower triangular) matrices?
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Matrix Operations: Step-By-Step Multiplication Example 46

/. Example:

AB =

{1 0 2]: C2,1 C22 C23 _C
0 1 3

0 O = N

S NS, T ST

Explanation: First, we begin with an empty matrix C473. We know that C' will be of this size since A is of the size 4 x 2
and B is of the size 2 x 3.

The following slide contains an easy way of remembering what the dimensions of the resulting matrix are.
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Matrix Operations: Step-By-Step Multiplication Example
A B

4 X2 2%x3

Must be equal
\ 1

4 %3

!

The size of O

Easy way of understanding matrix multiplication: 'inner' vs. 'outer' dimensions. Miriam Briskman, CC BY-NC 4.0.

These notes by Miriam Briskman are licensed under CC BY-NC 4.0 and based on sources.



https://www.sci.brooklyn.cuny.edu/~briskman/cisc/2210/lecture_notes/topic_10/matrix_multiplication_idea.svg
https://www.sci.brooklyn.cuny.edu/~briskman/
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://www.sci.brooklyn.cuny.edu/~briskman/
http://creativecommons.org/licenses/by-nc/4.0/
https://www.sci.brooklyn.cuny.edu/~briskman/cisc/2210/lecture_notes/topic_10/sources.html

Matrix Operations: Step-By-Step Multiplication Example 48

/. Example:

T [1 0 2] Co,1 C22 C23

= :C
0O 1 3

N S, IR JUR
00 S BN

Explanation: Wedoc;; =1-1+2-0=1+ 0 = 1. This is the element on row 1 and column 1, so we used row 1
of matrix A and column 1 of matrix B.
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Matrix Operations: Step-By-Step Multiplication Example 49

/. Example:
e 2 L 28 e ]
4 1 2 C C
ek [ 0 ] _|er @2 as| _,
b 6 0O 1 3 C31. CIo = €34
| 7= 8 | C41 C42  C43

Explanation: Wedoc;2 =1-0+2-1 =0+ 2 = 2. This is the element on row 1 and column 2, so we used row 1
of matrix A and column 2 of matrix B.
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Matrix Operations: Step-By-Step Multiplication Example 50

/. Example:
"1 2] 1 2 8 |
4 1 2 C C C
e 3 [ 0 ] _ | 2 as| _,
5 6 0 1 3 C3.1." €327 €33
T = 8 | C41 C42 Ca3 |

Explanation: Wedoc;3 =1-2+2-3 =2 + 6 = 8. This is the element on row 1 and column 3, so we used row 1
of matrix A and column 3 of matrix B.
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Matrix Operations: Step-By-Step Multiplication Example 51

/. Example:
"1 97 R 2 8
3 4 1 2 3 c C
A [ 0 ] y 22 23| _
5 6 021 3 C3 1" €397 €31
T = 8 | C41 C42 Ca3 |

Explanation: Wedoca; = 3-1+4-0 =3+ 0 = 3. This is the element on row 2 and column 1, so we used row 2
of matrix A and column 1 of matrix B.
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Matrix Operations: Step-By-Step Multiplication Example 52

/. Example:
"1 97 1 2 8 |
3 4 1~ 057 2 3 4 c
AB == [ ] = 2,3 — C
5 6 0: 213 €31 C32 C33
T = 8 | C41 C42 Ca3 |

Explanation: Wedoca2 = 3-0+4-1= 0+ 4 = 4. This is the element on row 2 and column 2, so we used row 2
of matrix A and column 2 of matrix B.
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Matrix Operations: Step-By-Step Multiplication Example 53

/. Example:
3 AN 1 2 8 |
3 4 18
AB 3 4 [1 0 2]: St
5 0 0 1 3 C3,1 €32 C33
S 82 | C41 Ca2 €43

Explanation: Wedoca3 = 3-2+4-3 = 6 + 12 = 18. This is the element on row 2 and column 3, so we used row
2 of matrix A and column 3 of matrix B.

We'll stop here: try computing the other 6 elements in a similar fashion.
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Matrix Operations

Any questions so far?
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A Few Matrix Applications 55

Solving Systems of Linear Equations Using Matrices. A system of linear equations can be written compactly as a matrix
equation:

Axr =0
Here, A is a matrix of coefficients, x is a vector of variables, and b is the result vector.
There are several ways to solve this system:

1. Gaussian elimination: Transform the augmented matrix [A|b] into row-echelon form.
2. Matrix inverse (if A is invertible): x = A7 1b.
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A Few Matrix Applications

Example 1 (Gaussian elimination):

Solve:

z+y=3
20 + 3y =17

Augmented matrix:

[11|3]
0 &N By
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A Few Matrix Applications
Example 1 (Gaussian elimination):

Row operation: Ry <+ Ry — 2R,

1 1| 3

0 1| 1
Which corresponds to
r+y=3
0+y=1

Back substitution givesy = 1, £ = 2.
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A Few Matrix Applications

Example 2 (Matrix inverse):

1=[; 5]+= [

First, we'll compute A~1: the inverse of A. To do so, we use the matrix inverse formula for a 2 X 2 matrix:

d —b
i B 1
AT = det(A) [—C a ]

whereA:[a b].
c d
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A Few Matrix Applications 59

Step 1: Compute the determinant Step 2: Swap and negate entries Step 3: Multiply by detl(A)
—Cc a Y |

e
—2 1

Verification (optional but insightful). Check that AA~1 = I

2[5 3 lele Cornllo o)

So the inverse is correct.
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A Few Matrix Applications
Example 2 (Matrix inverse):

Final step (solving the system):

Ifb = [3},then:
7

o= A b = [_32 _11] [3] 7 [—96;77] 2 m
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A Few Matrix Applications 61

Matrix Eigenvalues. Eigenvalues are special scalars that describe how a matrix transforms space. "Eigen" means "its own"
in German, meaning, the matrix's own value. Given a square matrix A, an eigenvalue \ is a number such that there exists a

non-zero vector v satisfying:

Av = v

This means that multiplying v by A only stretches or shrinks it (by A), without changing its direction.
To compute eigenvalues, we solve the characteristic equation:

det(A — M) =0

This produces a polynomial in A, whose roots are the eigenvalues.
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A Few Matrix Applications

Example 1:

Let A = 2 59 . Then:
0 3

det(A — M) = det lz_A ! ]

I ECEPVEEDY

Setting this equal to 0, we get A = 2, 3.
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A Few Matrix Applications

Example 2:
1 1
Let A = . Then:
o 2

1

det(A — M) = det ll_A
0icn 2 2

]:(1—>\)(2—)\)—1-0:(1—)\)(2—)\)

So the eigenvalues are A = 1, 2.

Eigenvalues are widely used in computer science, including graph analysis, machine learning, and stability analysis of
systems.
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A Few Matrix Applications

Using Adjacency Matrices to Detect Paths Between Cities. Graphs can represent connections between cities. An
adjacency matrix A encodes these connections:

a; ; = 1 if there is a direct road from city ¢ to city 7, and 0 otherwise.

Matrix multiplication reveals paths of longer lengths:

- A2 tells us whether there is a path of length 2.
- A* tells us whether there is a path of length k.

If (Ak)z-,j > (0, then there exists a path of length k from city ¢ to city .
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Example:

A Few Matrix Applications

Suppose we have 3 cities with adjacency matrix:

(0 1 0]
A=10 0 1

0 0 0]

This means:
City 1 — City 2
City 2 — City 3

Compute A?:
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Example:
0
A*= |0
0

0
0
0

1
0

0

A Few Matrix Applications

Since (A?)1,3 = 1, there is a path of length 2 from City 1 to City 3.

This technique is widely used in network analysis, routing, and social network connectivity.
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A Few Matrix Applications

Any questions?
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Matrices: Sources

Doerr, Al and Levasseur, Ken. (2024). Chapter 5. Applied Discrete Structures,
https://discretemath.org/. License: CC BY-NC-SA: Attribution-NonCommercial-
ShareAlike.

Lumen Learning. College Algebra | Matrices and Matrix Operations. License: CC BY:

Attribution.
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